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Introduction
^CONSIDERABLE amount of work has been reported in
^L-the literature on the minimum weight design of structures
subjected to static and dynamic response restrictions.1 The
optimization of structures in a random vibration environment
was discussed in Ref. 2. The minimum cost design of struc-
tures with random material properties has also been con-
sidered.3 The present Note deals with the optimum design of
beam-type and plate-type structures subjected to a constraint
on the probability of failure due to combined blast and finite-
duration acoustic loading. The present problem has ap-
plication in the design of structures located near rocket testing
or launching facilities where the structures may occasionally
be exposed to blast loads due to explosions in addition to ex-
periencing rocket-noise excitation. The expressions for the
first passage probabilities of a linear oscillator are used in
determining the damage probability of the given structure.
The optimization problem is stated as a constrained nonlinear
programing problem. The design of a simply supported rec-
tangular plate is considered as an example problem.

Optimization Problem
The problem of optimum design of a structure subjected to

combined blast and acoustic loading can be stated as a stan-
dard nonlinear programing problem as

FindD such that/(D)-*minimum andg/(D)< 0, j = 1,2,...,m

where D is the vector of design variables, f ( D ) is the objective
function and gy (D) are the constraint functions. The objective
of the present work is to minimize the weight, and the major
behavior constraint is that the probability of failure under the
stated loading condition must be less than or equal to a
specified value. The other constraints considered in this work
include upper and lower limits on the fundamental natural
frequency of the structure, upper and lower bounds on the
design variables, and an upper bound on the time interval (Tc)
required for the response autocorrelation function of the
structure to decay to a small value. While the constraints on
the fundamental frequency and the design variables are com-
mon for any dynamic structural optimization problem, the
constraint on Tc becomes necessary in the present problem in

view of the relations used for the failure probability of the
structure.

Probability of Failure
It is well established that the stresses and deformations

associated with the fundamental flexural modes of beam-like
and plate-like structures exposed to acoustic pressures
generally predominate over those associated with the higher
modes. Thus an engineering estimate of the probability of
failure can be obtained by idealizing the structure as a single
degree-of-freedom oscillator corresponding to its fun-
damental mode.

Probability of Failure due to Individual Loads
The pressure vs time curves corresponding to blast loads

generally rise very sharply and decay slowly. The
displacement response z(0 of a single degree-of-freedom
oscillator to an exponentially decaying blast load F0-e~& is
given by

z ( t )t) r P •> P' i ___ \ 2 9 A" —_— v — ) ~~^s
5 L co co

(1)

where co = (K/M)1/2 = circular natural frequency of the
oscillator, AT=stiff ness, M=mass, zs= (F0/K) =static
deflection under a force F0, J3= decay exponent, and ? = time.
Equation (1) assumes that the oscillator is at rest and
equilibrium at £ = 0. Thus, if the oscillator (structure) is ex-
cited by a blast load only, failure will occur if the maximum
value of z(t) given by Eq. (1) exceeds the prescribed limit Z in
the time interval T.

If the structure is exposed to acoustic excitation only, the
probability of failure in a time interval T can be calculated by
considering the problem as a first passage problem.4 In the
present work, the random acoustic excitation and hence the
response is assumed to be a Gaussian random process. Then
the probability P that the absolute value of the displacement
of a linear oscillator will exceed a threshold value Z in a time
interval T is approximately given by4

P[ \z(t) I =P(Z,T)=l-Ae-<*T (2)

where/is the natural frequency of the oscillator, and A and a
are functions of the threshold level Z, the conditions of
motion at the beginning of the time interval T , and the
damping of the oscillator. The values of A and a. can be ob-
tained for any specified Z.4 It is to be noted that Eq. (2) holds
true for time intervals T> Tc, where Tc denotes the time in-
terval required for the response autocorrelation function to
decay to a small value. The expression for Tc may be taken as

rc-7/(27r/f) (3)

where f is the damping ratio of the oscillator.

Probability of Failure When Both Loads Act Simultaneously

It can be seen that for a slowly decaying force (/3/co< < 1)
and for an oscillator with negligible damping, Eq. (1) may be
approximated as

[z(t)/zs] [7+(/3/co) 2] = 7- (4)
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On the other hand, for a rapidly decaying force (0/co> > 7),
Eq. (1) becomes

[ z ( t ) / z s (5)
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Thus for very large and for very small values of /3/co, the right
hand sides of Eqs. (4) and (5) can be seen to be sinusoids. To
obtain an engineering estimate of the probability of damage,
the right hand sides of Eqs. (4) and (5) can be approximated
by square waves. This means that the response of the structure
for a slowly decaying blast load will be at its maximum value
zmax f°r half of the time and at its minimum value zmin for
half of the time. When both the blast and acoustic loads act
simultaneously, failure of the structure may occur when the
response due to the pulse load is either at zmax or at zmin where

1.50

/co)2] =-2zs = (2F0/K) (6)

and

(/3/co)2] ^ (7)

When the blast response zb (t) is at zmax, the probability that
the total response due to the combined loading, zt (t), will ex-
ceed the threshold value Z is same as the probability that the
positive portion of the acoustic response, za (t), will exceed
the value (Z— zmax). Since for a random process having a
mean value of zero, +z(/) is as likely to exceed + Z as — z(t) is
to exceed — Z, the probability of failure is given by

Pf\zb(t)=zmax=P[zt(t)>Z]=P[za(t)>Z-zmax]

+P[-za(t)<-Z-zmax]

= MP(Z-zm, T) + i/2P(Z+zmax, D (8)

When the blast response is at zmin, the probability of failure
in a time interval Tis given by

=P[za(t)>Z]=P(Z,T)

Thus the total failure probability can be expressed as

(9)
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Fig. 1 Optimum design of the plate by graphical method.

minated by an explosion, the structure will be subjected to a
blast load in addition to the continuation of the rocket noise
for a time period T2. Then the probability of failure due to the
acoustic loading is given by

(14)

and the probability of failure due to the combined loading is
given by Eq. (11) or (13). Since Eqs. (11) and (13) are ap-
plicable only if P/acoustic < 1, the overall probability of failure
of the structure is given by

(10)

Since the probability of occurrence of each of the events zb
(0 =£max and Zb(t) =£min is ^ > t n e probability of failure of the
structure under the combined loading is given by

/combined = i/4P(Z-zmax>7)

(ii)
In the case of a rapidly decaying force pulse (/5/co> > 1),

the maximum and minimum values of the response are given
by

(12)

By proceeding as in the case of a slowly decaying force, the
probability of failure in this case due to the combined loading
can be obtained as

/combined = ViP(Z-Z + V2P(Z + Zmax,T) (13)

Probability of Failure Due to Blast after Acoustic Loading
In the case of a rocket launch or test, the structure near the

launch site will be exposed initially to an acoustic excitation
(rocket noise) for a time period Tj. If the launch or test is ter-

+P(Z+zmax ,r2)+2P(Z,r2)] for (15)

and

+ P(Z+zmax> T 2 ) ] for (16)

Numerical Example
The minimum weight design of a simply supported rec-

tangular laminated plate of aspect ratio a/ b =1.25 is con-
sidered as an example problem. The plate is assumed to be
made up of five equally thick laminations. The material of the
plate is assumed as glass with a density of 170 lb/ft3 and a
maximum allowable stress of 6000 psi. The octave-band
sound pressure levels expected at the site of the structure are
taken as shown in Table 1 . The time period Tl during which
only the acoustic excitation persists is 20 sec, and the time
period T2 during which both the acoustic and the blast loads
act is 2.5 sec. The blast load is given by 0.2 e ~2t psi.

Table 1 Octave-band sound pressure levels8

Octave band center frequency (Hz) 4
SPL (db re 2 x 10'4 //bar) 1 36 136

16
135

31.5 63
134 121
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The design variables are the length (a") and the thickness
(h") of the plate. The objective function to be minimized
is given by f(a,h) =0.0787 a2h Ibs. The damping ratio
corresponding to the fundamental mode is assumed as f=
0.01, and the upper and lower bounds on the fundamental
frequency are taken as 40.0 and 100.0 rad/sec, respectively. In
addition, the design variables are restricted as 50" < a< 100"
and 0.25 "</*< 1.50".

In this case, the fundamental mode shape is given by5

, , x . .<t>u (x,y) = sin —— • sin —— (17)

and the corresponding frequency by

(jon = 2irf= -^ + it I <18>
For a uniform load F(t) acting on the plate, the modal force,
G(t), is given by

G(t)=4ab/ir2'F(t)

The modal mass and modal stiffness are given by

M= jitSsin irx/a - sin iry/b

and

(19)

(20)

(21)

The maximum stress (s) induced under the maximum per-
missible central deflection Z is given by6

ir2EhZ
2(l-v2)

v 1
-r + b2 (22)

Here E denotes the Young's modulus, p the mass per unit
area, v the Poisson's ratio, and S the surface area of the plate.

Once the plate is modelled as a single degree of freedom
oscillator, the root mean square displacement of the
oscillator, zrms, under the excitation of a Gaussian noise can
be expressed as7

(23)

where WF is the spectral density of the exciting forces given by

(24)

with Grms representing the root mean squarse value of the
modal exciting force and A£ denoting the band width of the
forcing frequency. In the case of octave band sound pressure
levels with central frequency/c, A(J is given by

A£=/C/V2 (25)

Equations (17) to (25) can be used to evaluate the
probability of failure and other constraints. The feasible
region, in which all the constraints are satisfied, is shown in
the two-dimensional design space of Fig. 1. The contours of
the objective function are also shown in the figure and the
minimum weight can be seen to be 128.0 Ib. The optimum
values of the design variables are /zopt=0.65" and a
= 50.0".

opt

Conclusion
The problem of optimization of beam-like and plate-like

structures with a constraint on the probability of failure due
to combined acoustic and blast loading has been stated in the
form of a standard nonlinear programing problem. The
probability of failure has been estimated by approximating
the response of the structure by that of a simple oscillator

corresponding to the fundamental mode of the structure. The
accuracy of the present analysis can be improved by ap-
proximating the structural behavior by several mode shapes.
The number of design variables can be taken more than two
and standard mathematical programing techniques can be ap-
plied to solve the problem.
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Introduction

E is well known1"11 that when a liquid drop is sub-
„ ;cted to rapid accelation by an air stream, lateral defor-

mation and breakup are subsequent. The problems of
aerodynamic stripping and catastrophic breakup are so over-
whelming, that the simple dynamics of the liquid drop rely
primarily on empirical correlation. In this Note, the dynamics
are considered in the absence of the breakup and the time
scales of the dynamics are shown to be slightly different than
those used in empirical correlation.

To model the acceleration and lateral deformation of a
liquid drop when subjected to a relative air stream, we extend
an approach used by Reinecke and Waldman.5 Writing the
drop's momentum equation lateral to the relative gas velocity,
Reinecke and Waldman use a moment method to develop an
equation for the lateral deformation of the drop. Assuming
that the lateral liquid velocity is linear in the lateral coor-
dinate, they obtain

Ad2A/dT2+2(dA/dT)2=4Cp (1)

where Cp is the pressure coefficient at the raindrop stagnation
point, A is the ratio of the drop diameter D to the initial
diameter D0.

A=D/DO
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